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Viscous Airfoil Computations Using Adaptive Grid Redistribution

D. J. Hall* and D. W. Zingg'
University of Toronto, Downsview, Ontario M3H 576, Canada

A quantitative study of the numerical error reduction due to adaptive grid redistribution applied to Navier—Stokes
computations of steady airfoil flows is presented. A grid redistribution procedure is described and applied to arange
of flow cases including attached and separated flows at subsonic and transonic speeds. The error reduction resulting

*, from grid adaptation is sensitive to the adaptive grid generation parameters used, especially those affecting the
“smoothness of the adapted grid. A suitable set of adaptive grid generation parameters is determined by comparison
of adaptive grid solutions with grid-independent solutions. With the given parameters, adaptive grid redistribution

is shown to result in an effective reduction in numerical error and improved resolution of flow features.

Introduction

HE effects of grid clustering and refinement on the prediction

of lift and drag in thin-layer Navier—Stokes computations of
steady airfoil flows were investigated in Ref. 1. This study demon-
strated that very fine grids are required to reduce the numerical errors
in both lift and drag to below 1%. Furthermore, the study showed
that the characteristics of the grids required to achieve these error
levels are strongly dependent on the features of the flow. These re-
sults provide motivation for solution-adaptive grids, both to increase
the accuracy with a given number of grid points and to reduce the
user expertise necessary to set up the grid.

Adaptation of grids is generally achieved either through adding
and deleting points or redistributing existing points. The former ap-
proach, which includes both grid enrichment and grid embedding,
generally leads to an unstructured database. Although the flexibility
this provides is highly desirable for grid adaptation, flow solvers that
use structured grids can be more efficient for simple geometries such
as single-element airfoils. With adaptive grid redistribution, the orig-
inal grid structure is retained, and flow solvers that require structured
grids can be used. The relative advantages of the grid redistribution
and grid embedding approaches are discussed by Dannenhoffer.?

In this paper, we examine the effectiveness of a grid redistribution
scheme in reducing the numerical errors in Navier—Stokes compu-
tations of steady airfoil flows. Recent studies®>* have shown that the
error reduction is highly dependent on the parameters used in grid
adaptation schemes. Warren et al.* demonstrated that global error
reduction is not guaranteed by fine resolution of flow features such
as shock waves if adaptation parameters are not carefully selected.
The objective of the present study is to determine a suitable set of
grid adaptation parameters in the context of a specific application,
viscous airfoil flows, and to examine the error reduction obtained
through grid redistribution for a range of flow cases. A key aspect
of the study is the use of the relatively grid-independent solutions
computed in Ref. 1 to estimate the global error reduction produced
by grid adaptation.

Errors in steady viscous airfoil computations result from physi-
cal model errors as well as numerical errors. Numerical errors are
associated with the spatial discretization and include errors due to
inadequate grid clustering, refinement, and smoothness, as well as
excessive skewness and the position of the outer boundary. Nu-
merical errors due to artificial dissipation are related to the spatial
discretization since the effect of artificial dissipation is reduced as
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the grid is refined. Physical model errors include the thin-layer ap-
proximation and other approximations in the governing equations,
prediction of the transition point and the process of transition, and
the turbulence model. Although the physical model errors far exceed
the numerical errors for many of the cases considered here, efficient
reduction of numerical errors is important both to assess physical
models and when improved physical models become available.

In the following sections, the adaptive redistribution method is
described and the flow solver is briefly summarized. A description
of test cases and grid characteristics follows. Parametric studies
are then described from which an appropriate set of parameters
is determined. Results are presented for a range of flow cases on
different grids.

Adaptive Method

Redistribution schemes are generally implemented using either
a control function, variational, or spring-analogy scheme. The con-
trol function method of Eiseman® is used for this study and has
been used by several investigators.>®7 In this method, control func-
tions in a system of elliptic partial differential equations are used
to cluster points in each coordinate direction. The control func-
tion method combines the inherent smoothness and limited skew-
ness of elliptic systems with an adaptive redistribution capability.
The adaptive control functions are combined with geometric control
functions to allow certain geometric constraints to be specified at the
boundaries.

Variational methods explicitly state the compromise between grid
smoothness, orthogonality, and adaptation, but the resulting sys-
tems are quite complicated. Kim and Thompson® compared the
control function method of Eiseman with the variational method
of Brackbill and Saltzman® and found that the variational approach
required more than three times the computational work of the control
function approach. Holcomb® reported that the variational approach
was unacceptable due to an inability to account for boundary point
distributions, in contrast to the control function method. Although
the spring-analogy method has been well developed and applied to
various problems (see, for example, Davies and Venkatapathy?), the
control function approach was selected due to its apparently superior
smoothness and skewness attributes.

The adaptive method is summarized in the following text. The
current implementation is described in detail in Ref. 10. Structured
boundary-conforming grids are used in which a grid in the Cartesian
x~y plane is considered to be a transformation from a uniform grid
in the computational £~ plane where A§ = An = 1. The elliptic
grid generation system is given by'!

8a(res + Pre) + gu(ry, + Qry) — 2g10rg, =0
where r = (x, y) is the Cartesian position vector and
811 =Tg *Tg,

812 =Tg Iy, 80 =Ty Iy

The control functions P and Q are linear combinations of the
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adaptive control functions P, and O, and geometric control func-
tions P, and Q,, as follows:

P = bIPg +b2Pa
0 =b30, + b0,

where b; are user-specified parameters.

The geometric control functions cluster points to boundaries at
a user-specified off-body spacing and achieve orthogonality of the
transverse grid lines at boundaries, as described in Ref. 12. The
adaptive control functions are given by

(wl)s g1z (W),
wy 822 Wi
812 (wa)g n (w2)y
g1 W2 wy

Qa=~

where w; and w, are the weight functions for adaptation in the £ and
n coordinate directions, respectively. The weight functions have the
following form:

wi=1l+afitaf
w2=1+a3fg+a4f4

where g; are user-specified clustering parameters, f are normalized
adaptation functions given by
ﬁ _ fk - fkmm
f kmax T f kmin
and f; is some measure of the solution variation.

The adaptive grid generation scheme is presently applied to C-
grid configurations about airfoil sections. Streamwise adaptation to
the high flow gradients at the airfoil leading edge and at shocks is
achieved through an appropriate formulation of the w; weight func-
tion. Similarly, adaptation to high gradient regions in the bound-
ary layer is achieved through an appropriate formulation of the w,
weight function. Streamwise and boundary-layer adaptation can be
applied independently through zero or unit values of the parameters
b, and b,. Excessive skewness can result from the redistribution
scheme if high gradient regions are not aligned with a particular co-
ordinate direction. However, with a C-grid topology, the boundary
layer is aligned with the £ coordinate direction, and the shocks in
transonic flows are closely aligned with the  coordinate direction.
Thus, grid skewness due to adaptation is not a problem for subsonic
and transonic applications using C-grids.

Adaptive grid solutions are generated using a form of peri-
odic node movement. First, an initial unadapted grid is generated,
and the flow solver is run to reasonable convergence on the ini-
tial grid. An adapted grid is generated based on weight functions
evaluated from the initial grid flow solution. The flow solver is then
applied to the adapted grid to obtain an improved flow solution. The
cycle of adaptive grid generation followed by a new flow solution is
continued until the grid and solution no longer change significantly.
In practice, a single application of the adaptive grid generator was
used since additional applications did not result in a further reduc-
tion in numerical error. Other methods of node movement were not
investigated. The computational work required to obtain an adaptive
grid solution using the control function scheme is typically 10-30%
greater than that required to obtain a solution with the same number
of nodes without adaptation.¢

As the adaptive grid equations are iteratively solved values of
the weight functions are periodically evaluated at the evolving grid
points using bilinear interpolation. Interpolation is performed rel-
atively often at the beginning of the grid generation process when
grid point movement is high and relatively infrequently as the grid
generator converges and grid point movement is small. The inter-
polation procedure is computationally expensive, and the periodic
application of interpolation saves computational effort without af-
fecting the final solution.

The weight function surfaces can be somewhat noisy depending
on the smoothness of the initial grid and flow solution such that

clipping and smoothing of the weight surfaces is necessary to reduce
high-frequency oscillations, as suggested in Ref. 13. The clipping
operation at each grid point is given by

_fw ifw < gw
YFlo ifw= g

where w is the average of w evaluated from the neighboring eight
nodes in the grid. The suggested value of the clipping parameter
B is 1.15. Smoothing is achieved by application of the following
operation at each grid point:

1 1
W ;= Wi+ Wi+ Wisrj + Wi jr) + 3Wi

The adaptive control function surfaces are also smoothed using this
expression.

To enhance convergence of the adaptive grid generator, the control
functions are initially set to zero and slowly ramped in using a damp-
ing and under-relaxation scheme.!? Geometric control is applied at
the airfoil and wake surfaces and interpolated into the interior grid
using exponential decay functions of the form

—di(j—1
P = Pgliyexp™aU=D

—d(j—1
Qli,j = Qi exp™@U~b

where d; and d, are user-specified decay constants.

The airfoil points are held fixed except in the case of streamwise
adaptation, in which the airfoil points are moved along the airfoil
surface according to the iterative solution of the following one-
dimensional equidistribution statement:

wiliy1,1 — wilioit

1 1
5= ‘2'(si+1 —S8i-1) + §|: :I(SH—I — 5i—1)

wilin
where s is arclength along the airfoil surface (n = 1). Linear
interpolation is used to evaluate the weight function at the evolv-
ing grid points. The wake points are always held fixed. The outer
boundary points are moved along the boundary curves to achieve
orthogonality of the transverse grid lines.

Flow Solver

The thin-layer Navier—Stokes equations are solved numericaily
using the viscous transonic airfoil code ARC2D, which is described
in detail in Ref. 14. Spatial derivatives are approximated using
second-order centered finite difference expressions. A nonlinear
scalar artificial dissipation model that combines second- and fourth-
difference dissipation to control oscillations and nonlinear instabil-
ity is used. That dissipation term for the £ direction is given by

Ve(T18:Qi; — T AVEAL Q)
with
] 1 (2)

1
T, '“Ul+11]:+1] 1+1] + 05

(4)
I =041 ,+1, t+lj +JlJJ

2)
E,',j = At max(T,-H,], Tl s Tz l.j)

6(4) = max [O Ky At — e(zj)]

_ pivrj —2pi; + pical
\Pivr; +2pij + picijl

where A; and V; are first-order forward and backward difference op-
erators, respectively, o is a spectral radius scaling, J is the Jacobian
of the grid transformation, Q is the solution vector, At is the time
step, p is the pressure, and «, and x4 are constants. Typical values
of «k; and x4 are 1.0 and 0.01, respectively. A similar term is used
for the n direction.

No-slip adiabatic boundary conditions are enforced at the air-
foil boundary, characteristic boundary conditions are used at outer
boundaries, and a far-field circulation correction is applied at the
outer boundary. The Baldwin-Lomax turbulence model is used.
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Test Cases

The following six test cases of Zingg! are revisited in this work:
1) NACA 0012 at My, = 0.16, @ = 0, Re = 2.88 x 109, and
transition at 0.43 chords on both surfaces; 2) NACA 0012 at M, =
0.16, @ = 6 deg, Re = 2.88 x 10, and transition at 0.05 and 0.80
chords on the upper and lower surfaces, respectively; 3) NACA 0012
at My, = 0.16, o = 12 deg, Re = 2.88 x 10°, and transition at
0.01 and 0.95 chords on the upper and lower surfaces, respectively;
4) NACA 0012 at M, = 0.70, « = 149 deg, Re = 9 x 105, and
transition at 0.05 chords on both surfaces; 5) NACA 0012 at M, =
0.55, o = 8.34 deg, Re = 9 x 105, and transition at 0.05 chords
on both surfaces; and 6) RAE 2822 at M, = 0.729, ¢ = 2.31 deg,
Re = 6.5 x 10%, and transition at 0.03 chords on both surfaces.

Results are presented for unadapted hyperbolic and elliptic grids
as well as for adapted grids. Hyperbolic grids were generated using
the grid generator described in Ref. 15. Elliptic grids are generated
by setting the adaptive control functions to zero in the adaptive
grid generator. Adapted and elliptic grids were generated using a
hyperbolic grid as an initial grid such that the number of points and
some of the clustering characteristics of the initial hyperbolic grid
are retained by the new grids.

Hyperbolic grids are designated with two-character names com-
posed of an upper case letter followed by a number. Unadapted
elliptic grid names have an “e” preceding the corresponding hyper-
bolic grid name. Similarly, boundary-layer adapted grid names are
preceded by a “b” and combined boundary-layer and streamwise
adapted grid names with a “bp.” The A6 and N6 grids have 249
points in the streamwise coordinate direction with 97 and 49 points
in the coordinate direction transverse to the body, respectively. There
are 201 points on the body and 24 points in the wake. Points are
clustered at the leading and trailing edges with a streamwise spacing
of 2 x 10~* chords. Normal spacing at the body is 2 x 10~ chords.
The A7 and N7 grids have the same characteristics as the A6 and
N6 grids, respectively, except that the normal spacing at the body is
2 x 1077 chords. The distance to the outer boundary is 12 chords
for all grids. The grid-independent results of Ref. 1 were obtained
using Richardson extrapolation of the A7 grid results and the results
from a grid that has twice the number of points as the A7 grid in
each coordinate direction.

Parametric Studies

Parametric studies have been conducted to determine a suitable
set of input parameters for both boundary-layer and streamwise
adaptations. Grid N6 was used as the initial grid for all parametric
studies. With this grid, flow features are moderately well resolved,
but numerical errors can be quite high. Test case 1 was used for
detailed boundary-layer adaptation studies and case 5 for detailed
streamwise adaptation studies. Further parametric studies were con-
ducted with all test cases for a limited set of parameters. Different
parameters would be required for qualitatively different flows and
grid topologies.

Boundary-Layer Adaptation

Effective boundary-layer adaptation requires an appropriate for-
mulation of the w, weight function, a sufficient number of points
in the » coordinate direction, and an appropriate spacing of the
first grid point off the body. The parameters used for boundary-
layer adaptation are listed in Table 1. Several different forms of
the boundary-layer adaptation variables ( f3, f;) were investigated,
including vorticity and first and second derivatives of velocity mag-
nitude, Mach number, and momentum magnitude. It was found that
all of these measures successfully indicated the regions of high solu-
tion activity in the boundary layer, and similar results were obtained
for all measures. The gradient of Mach number was selected as an
effective boundary-layer adaptation parameter.

Geometric control allows the off-body spacing (As;) to be spec-
ified. The off-body spacing is an important parameter related to
boundary-layer resolution. A y* value of less than 1 is generally de-
sirable to have at least one grid point in the laminar sublayer, where
y* is the standard law-of-the-wall coordinate. As the off-body spac-
ing is reduced with a fixed number of points in the grid and a smooth
distribution of points, the number of points in the boundary layer is

Table 1 Parameters for boundary-layer

adaptation (b grids)
Parameters Values
Adaptation variables 3 =1VM|
no fi
Clustering a3 =13x10% a4 =0
Control combination by =1,by=0
by=1,bys =1

Five iterations (8 = 1.15)

Two iterations

One iteration

Fixed airfoil points

Fixed wake points

At airfoil and wake:
Asp, =2 x 10 chords
Pg decay: d; = 0.05
Q, decay:dr =0

One iteration

wy clipping

wy smoothing

0O, smoothing
Boundary treatment

Geometric control

Postsmoothing

increased. A greater number of points in the boundary layer tends
to decrease friction drag error due to improved boundary-layer res-
olution while increasing pressure drag error due to high stretching
and a decrease in resolution in regions outside the boundary layer.
Hence, decreasing the off-body spacing generally results in a de-
crease in friction drag error and an increase in pressure drag error.
The relationship between overall drag error and off-body spacing
is therefore dependent on the ratio of the friction and pressure drag
components in the overall drag for a particular flow. An off-body
spacing of 2 x 1079 chords, which corresponds to a y* of about 1,
yields minimum or close to minimum drag errors for all of the test
cases. Lift errors are not significantly affected by off-body spacing.

The clustering parameter a3 is estimated from the following form
of the equidistribution statement:

wzmln Aszmax =_ wzmux Aszmin

where s, is arclength along a constant-¢ coordinate curve in the
positive 1 coordinate direction. Since w,,;, = 1, wy,,, = 1+ a3
(with a4 = 0), As,, is the spacing at the body, and As,,,, is
the spacing at the outer boundary, the following estimate for aj is
obtained:
ASzmax
a3 = ——— —
Aszmin
This expression leads to a value of a; = 1.3 x 10° for the grids
studied. The parameter a3 was varied between values of 10° to 108
for all test cases and up to 10'° for some cases. Lift errors are not
significantly affected by a3. The friction drag error decreases and
the pressure drag error increases slightly with increased a; due to
increased clustering of points in the boundary layer. A value of
1.3 x 10° was found to yield either minimum or close to minimum
drag errors for all test cases.

The weight function surface is clipped 5 times and smoothed
twice, which effectively removes high-frequency oscillations. Al-
though the solution is not highly dependent on these parameters, it
is recommended that some clipping and smoothing be applied to the
weight function surface. A single smoothing iteration of the adaptive
control function surface was found to enhance grid convergence.

Orthogonality of the transverse grid lines at the airfoil and wake
is controlled by P,. For near-orthogonality with the boundary to
extend a reasonable distance into the grid interior, a low value of
d, is required. However, values of d, lower than 0.05 tend to cause
oscillations in the iterative grid solution. The Q, control function
allows the off-body spacing at the airfoil and wake to be controlied.
A zero value of d, results in a strong attraction of grid lines to the
airfoil and wake, which is desirable for viscous flow computations.

An investigation of the effect of the smoothness of the adapted
grid on numerical error was conducted. Smoothing of the final grid
is achieved by turning off both adaptive and geometric control func-
tions for the final grid generation iterations. Increasing the number
of smoothing iterations applied to an adapted grid yields a gradual
decrease in pressure drag error and has little effect on the lift error.
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Table 2 Parameters for combined streamwise and
boundary-layer adaptation (bp grids)

Parameters Values
Adaptation variables J1=|dp/dsi|
fr=|d*p/ds?|
fr=1IVM]
no f4

Clustering a; = 50, ap = 30
a3 =13x10%a3=0
Control combination bi=1,b,=0
b3=1,by =1

Five iterations (8 = 1.15)

Two iterations

One iteration

Adaptive airfoil points

Fixed wake points

At airfoil and wake:
Asp, =2 x 107% chords
P, decay: d; = 0.05
Q, decay:dy =0

One iteration

wi /w2 clipping

w) /wy smoothing
P,/ Q, smoothing
Boundary treatment

Geometric control

Postsmoothing

Friction drag error is significantly reduced by a single smoothing it-
eration, and further smoothing iterations result in a gradual increase
in error from the single iteration level. A single postsmoothing iter-
ation was therefore applied for all test cases.

Streamwise Adaptation

Effective adaptation to the gradients in the streamwise direction
requires an appropriate formulation of the w; weight function and
a sufficient number of points in the £ coordinate direction. The pa-
rameters used for a combination of streamwise and boundary-layer,
adaptation are listed in Table 2. The streamwise adaptation vari-
ables (f1, f2) were selected to be the first and second derivatives of
pressure with respect to s1, where s is arclength along a constant-n
coordinate curve in the positive £ coordinate direction. This formu-
lation senses high gradients at suction peaks as well as at shocks.

A preliminary investigation of clustering was conducted by man-
ually changing the airfoil surface point distribution at the leading
edge, trailing edge, and shock for case 5 using hyperbolic grids.
The investigation showed that leading- and trailing-edge cluster-
ing affects both lift and drag errors significantly. Low drag error
is generally associated with high lift error and vice versa such that
a compromise is necessary in the selection of the “best” leading-
and trailing-edge clustering values. Manual clustering at the known
shock location indicated that shock clustering can reduce both the
lift and drag errors, although the error reduction is fairly smail.
Excessive shock clustering leads to increased error.

The amount of clustering to regions of rapidly changing pres-
sure is controlled in the adaptive scheme by specifying a;. The a,
parameter is used to cluster points to regions of high streamwise
curvature of the surface pressure distribution, which is necessary
for clustering points at maxima and minima of the surface pressure
distribution. Several combinations of a; and a, were evaluated with
20 < a1, a; < 70. The intermediate values of a; = 50 and a, = 30
produce reasonable results. Varying a; and a, yields slight changes
in lift and drag errors depending on the flow characteristics.

Streamwise adaptation is achieved through the adaptive move-
ment of grid points on the airfoil surface. Streamwise adaptation of
interior grid points is not used (b, = 0) since the change in air-
foil boundary point distribution results in appropriate changes in
the interior grid point distribution. The combination of streamwise
adaptation on the airfoil surface and in the grid interior resulted in
no solution improvement over the use of adapted airfoil points only.

Results and Discussion

Results are presented in Tables 3—8. The tables specify the numer-
ical errors relative to the grid-independent solution given in the table
captions. Grid adaptation has effectively reduced the lift and overall
drag errors for most cases. Boundary-layer adaptation significantly
reduces the friction drag error for all cases but has a minimal effect

Table 3 Grid study for case 1: NACA 0012 at M_.= 0.16 and o = 0
(grid-independent C; = 0.00579, C;, = 0.00080, and Cyp=0.00499)

Grid Cu. % Cu,,% Cup,%
Grid size: 249 x 97
A7 : 36 6.3 3.0
A6 13.1 6.3 14.2
eA6 12.1 8.8 12.8
bA6 0.2 7.5 -1.0
bpA6 1.0 11.3 —04
Grid size: 249 x 49
N7 14.0 413 9.6
N6 42.1 31.3 43.7
eN6 394 41.3 39.1
bN6 133 48.8 7.6
bpN6 142 50.0 8.4

Table 4 Grid study for case 2: NACA 0012 at M, =0.16 and « =6
deg (grid-independent C; = 0.6620, C; = 0.00779, Cd,, =0.00252, and
Cdf =0.00527)

Grid C1, % Cuy,% Cdp,% Cdf, %
Grid size: 249 x 97
A7 —03 9.9 24.2 3.0
A6 ~0.3 16.0 18.7 14.6
eA6 —-0.2 134 13.1 13.5
bA6 0.0 4.4 11.9 0.8
bpA6 0.0 4.0 119 0.2
Grid size: 249 x 49
N7 —-1.2 30.7 79.4 7.4
N6 —-1.3 48.9 64.3 41.6
eN6 —-1.0 40.3 45.6 37.8
bN6 ~0.6 21.7 50.8 7.8
bpN6 —0.8 21.7 524 7.0

Table 5 Grid study for case 3: NACA 0012 at M, =0.16 and o = 12
deg (grid-independent C; = 1.3122, C; = 0.01261, C4, = 0.00777, and
Cd/ =0.00483)

Grid C1,% Cy,% Cy,. % Cap %
Grid size: 249 x 97
A7 —-1.3 21.0 33.6 1.0
Ab —1.1 214 27.0 12.8
eA6 —-0.9 15.9 18.3 122
bA6 —-0.9 11.7 18.7 0.6
bpA6 —-0.7 9.1 14.8 0.2
Grid size: 249 x 49
N7 —34 62.5 100.1 2.3
N6 3.1 64.5 82.6 35.6
eN6 -2.3 46.7 54.8 33.7
bN6 —2.2 37.8 575 6.4
bpN6 —24 39.5 60.4 6.2

on the lift and pressure drag errors. Streamwise adaptation results in
a significant error reduction with N6 grids for the strong shock case
(case 5) but provides less significant changes for the other cases.
The error reduction is dependent on both the characteristics of the
flow and the initial grid. The results of case 1, in which the drag is
dominated by friction drag, show a large decrease in overall drag
error for the adapted grids compared with the unadapted hyperbolic
and elliptic A6 and N6 grids. The reduction in overall drag is due
solely to the reduction in friction drag error. Streamwise adaptation
does not improve the results for this case. Figure 1 shows a detail of
the unadapted elliptic eN6 grid. The differences between the eN6
grid and the boundary-layer adapted bN6 grid are indistinguishable
on the scale of Fig. 1 since redistribution predominantly affects
points in the boundary layers. Figure 2 shows the nondimensional
wall shear stress distribution t,, for case 1, where 7,, is nondimen-
sionalized by freestream density and the square of freestream speed
of sound. The A7A solution is from a 497 x 193 grid that is close
to the grid-independent solution. The boundary-layer adapted bN6
results predict the wall shear stress much better than the unadapted
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Table 6 Grid study for case 4: NACA 0012 at M, = 0.7 and a: = 1.49

deg (grid-independent C; = 0.2536, C4 = 0.00743, C4, = 0.00211, and
Cy = 0.00532)

Grid C1,% Cy,% Ca,% Ca; %
Grid size: 249 x 97
A7 0.4 2.3 76 02
A6 0.3 8.1 8.1 8.1
eAb 04 8.1 9.5 73
bA6 0.6 2.0 8.1 —04
bpA6 0.7 1.2 5.7 ~0.6
Grid size: 249 x 49
N7 —0.8 43 23.7 —-34
N6 —0.7 19.5 20.9 19.2
eN6 —0.8 225 33.6 18.0
bN6 —0.8 104 37.0 0.2
bpN6 -0.9 10.5 379 —04

Table 7 Grid study for case 5: NACA 0012 at M, = 0.55 and o =
8.34 deg (grid-independent C; = 1.0013, C; = 0.03476, Cd’, =0.03089,
and Cdf =0.00387)

Grid C1, % Cyq,% Cayp.% Cdf,%
Grid size: 249 x 97
A7 —1.4 0.9 1.2 —0.8
A6 —-1.5 1.2 0.2 8.5
eA6 —-1.6 0.9 0.0 8.0
bA6 —-1.3 04 0.6 —-1.3
bpA6 —0.8 —-12 -1.3 -0.3
Grid size: 249 x 49
N7 —-1.8 6.4 ' 7.5 -2.3
N6 —1.8 74 53 24.0
eN6 —-13 8.4 6.4 24.5
bN6 —-1.5 6.8 7.5 1.8
bpN6 —0.6 52 5.3 4.4

Table 8 Grid study for case 6: RAE 2822 at M, =0.729 and ox = 2.31
deg (grid-independent C; = 0.7950, C; = 0.01336, Cdp = 0.00815, and
Cy = 0.00522)

Grid Cy,% Cy,% Cdp,% Cd[,%
Grid size: 249 x 97
A7 —-0.7 29 45 0.2
A6 —0.6 4.6 36 59
eAb6 —0.7 52 4.8 5.6
bA6 -0.8 1.9 29 0.2
bpA6 -1.0 1.0 1.7 —-04
Grid size: 249 x 49
N7 —-1.8 7.8 15.3 —-4.4
N6 —1.8 115 10.9 119
eN6 22 16.0 18.5 119
bN6 -1.9 12.6 20.7 -0.4
bpN6 2.1 134 22.6 -1.1

NG6 result. The adapted grid results are particularly good at the suc-
tion peak and in the turbulent boundary-layer region. Although the
bN6 grid results are only slightly better than the N7 grid results,
the bA6 grid results are significantly better than the A7 grid results,
indicating that a larger number of points increases the effectiveness
of adaptation. The N7 grid results are particularly good for case 1
since the N7 grid has low friction drag error due to the relatively
large number of points in the boundary layer. -

In contrast, the N7 grid errors are relatively large for cases 2
and 3 since the pressure drag contribution to overall drag is more
significant. The results for cases 2 and 3 again show a large reduction
in friction drag error due to boundary-layer adaptation. Streamwise
adaptation does not improve the results for these cases. The errors in
drag for case 3 are relatively high even with grid redistribution due
to the difficult nature of the flow, which is separated on the upper
surface at about 96% chord.

The flow in case 4 is transonic with a weak shock on the upper
surface. A comparison of the results for similar grids shows that
adaptation has resulted in a significant decrease in the overall drag
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Fig.1 eN6 grid about the NACA 0012 airfoil section.
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Fig.2 Nondimensional wallshear stress on the airfoil surfacefor case 1.
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Fig.3 bpNG6 grid for case 5.

error. However, the N7 overall drag error is less than the adapted
bN6 and bpN6 overall drag errors since the hyperbolic grid results
have lower pressure drag errors than the elliptic and adapted grids
for this case.

Case 5 is a transonic flow case with a strong shock on the upper
surface at 13% chord, a small separated flow region after the shock,
and final flow separation at about 90% chord. The friction drag er-
ror for case 5 is significantly reduced by boundary-layer adaptation,
but the resulting reduction in the overall drag level is small since
the drag is dominated by pressure drag. The combination of bound-
ary layer and streamwise adaptation reduces error levels for grid
N6. The error reduction is much larger than that obtained through
manual shock clustering. The combination of boundary-layer and
streamwise adaptation reduces the errors in lift and friction drag for
the A6 grids, but an overshoot in pressure drag reduction leads to an
overall drag increase over the bA6 grid level. Figure 3 shows a detail
of the bpN6 grid, which is adapted to both the boundary-layer and
streamwise gradients. The clustering of points on the upper surface
at 13% chord corresponds to the position of the strong shock. The
shock clustering is only slight, but increasing the shock clustering
beyond this level results in increased numerical errors. The solution
improvement due to shock clustering can be clearly seen in Fig. 4,
which shows the nondimensional wall shear stress distribution. No
effort has been made to cluster nodes in the transition region at
5% chord, since the present flow solver does not model transitional
flow.

Case 6 is a transonic flow with a weak shock about the RAE 2822
airfoil section. The results are similar to case 4, which is also a weak
shock case.

Numerical errors in Navier—Stokes computations are dependent
on the artificial dissipation added to the numerical scheme.'®!7 A
matrix dissipation model'® or an upwind scheme can be used to
reduce the numerical errors due to dissipation. A brief study was
conducted to demonstrate that a reduced level of artificial dissipation
combined with grid adaptation results in a complementary reduction
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Table 9 Dissipation study for case 4

Grid K2 K4 Ci, % Cy, % Cdp, % Cdf, %
N6 1.0 0.01 —0.7 195 20.9 19.2
eN6 1.0 0.01 —0.8 22.5 33.6 18.0
eN6 0.0 0.005 0.1 10.6 13.7 94
bpN6 1.0 0.01 —0.9 10.5 379 —04
bpN6 0.0 0.005 0.3 3.9 14.7 —0.4
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Fig.4 Nondimensional wall shear stress on the airfoil surface for case 5.

in numerical error. The results of Tables 3-8 have been generated
using dissipation constants of x, = 1.0 and x4 = 0.01 in each co-
ordinate direction. It is possible to lower the values of «, and x4
and still obtain convergent oscillation-free solutions, especially for
cases without strong shocks. Lower values of &, and x4 reduce the
level of contamination of the solution by artificial dissipation, and
numerical errors are reduced. The numerical error reduction due to
lowering «, and k4 for case 4 are shown in Table 9. These results are
typical of the results obtained for all test cases. Although case 4 is
a transonic flow, the shock is very weak, and second-order dissipa-
tion is not required. The usual value of x4 was halved, and this new
combination of k; and x4 results in a convergent and oscillation-free
solution. Note from the table that the numerical errors are reduced
at the new level of artificial dissipation, and the combination of
reduced artificial dissipation and grid adaptation is beneficial.

Conclusions

The adapted grid is a compromise between the requirements of
grid smoothness and skewness and the need to cluster in regions
of high solution gradients. Consequently, the error reduction due
to grid adaptation is sensitive to the adaptive grid generation pa-
rameters used, especially those affecting the smoothness of the
adapted grid. Some of the characteristics of the initial grid, such
as the number of grid points in each coordinate direction, introduce
further constraints. These constraints are a shortcoming of the grid
redistribution approach as opposed to the grid enrichment approach.
The advantage of grid redistribution is the retention of a structured
database with its associated benefits. An improved approach would
include the capability of altering the number of points in each coor-
dinate direction based on the solution while retaining the topology
of the original grid.

In general, the gains due to adaptive redistribution are modest, es-
pecially if the additional 10-30% computational cost is considered.
Numerical errors in friction drag are consistently and significantly
reduced by boundary-layer adaptation, but the error reduction in
pressure drag and lift is not as large. The limited reduction in nu-
merical error is partly due to the selection of good initial grids; less
appropriate initial grids would result in greater gains due to redistri-
bution. Excessively poor initial grids, however, would result in poor

adapted grids due to the dependence of the adapted grid on the ini-
tial grid characteristics. Redistribution may also be more effective
for unsteady flows in which the high gradient regions are moving.
Most of the cases in this study produce lower numerical errors in
drag with an adapted grid than with an unadapted grid with 10—
30% more nodes. This leads to the recommendation that adaptive
redistribution should be applied if minimizing the numerical error
in drag for a given number of grid points is particularly important.
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